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Abstract — This paper discusses three algorithms for
the problem of asynchronous Track-to-Track Fusion
(AT2TF) with track delays, where the information con-
figuration of T2TF with partial information feedback
(AT2TFpf) is used. This is the most practical config-
uration for AT2TF with time delays, since communi-
cation delays make full information feedback very com-
plicated. The first algorithm is the optimal memoryless
AT2TF under the Linear Gaussian (LG) assumption
(denoted as AT2TFpfwoMopt), which is also the linear
minimum mean square error (LMMSE) fuser without
the Gaussian assumption. The second is the Informa-
tion Matriz Fusion for asynchronous T2TF (denoted
as AT2TFpfIMF), which is an extension of the syn-
chronous IMF algorithm. Both algorithms are novel.
The third is an approximate AT2TF algorithm proposed
by Novoselsky (denoted as AT2TFpfAppr). Among the
three algorithms, only the first one theoretically guar-
antees the consistency of the fuser. The latter two al-
gorithms involve certain degrees of heuristics. Simu-
lation results show that, for the scenarios considered,
AT2TFpfIMF is also consistent and has similar level
of tracking accuracy as AT2TFpfwoMopt. On the other
hand, AT2TFpfAppr has consistency problems. Further
more, due to the simplicity of AT2TFpfIMF compared
to AT2TFpfwoMopt, it is an appealing candidate for
practical applications.

Keywords: Tracking, Asynchronous Track-to-Track
fusion

1 Introduction

Algorithms for synchronous track-to-track fusion
(T2TF) have been widely studied. For the optimal
T2TF, it is critical to take into account the crosscovari-
ances between tracks of the same target due to common
process noises [2] and information feedback [13]. The
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optimal memoryless T2TF with no information feed-
back (T2TFwoMnf) was studied in [3, 9]. In [13], the
complete set of information configurations for T2TF
and the optimal algorithms for the synchronous T2TF
were presented, which includes T2TF without memory
with no, partial and full information feedback (desig-
nated as T2TFwoMnf, T2TFwoMpf and T2TFwoMI{f,
respectively), as well as T2TF with memory with no,
partial and full information feedback (designated as
T2TFwMnf, T2TFwMpf and T2TFwff). Another type
of T2TF algorithm — the information matrix fusion
(IMF) — was proposed in [12, 8], and is a special case
of track-to-track fusion with memory (T2TFwM). A
significant advantage of IMF over the optimal T2TF is
that it does not require the crosscovariances between
the local tracks, which greatly simplifies its implemen-
tation. However, IMF is optimal only when the fuser
is operating at full rate [8, 7]. For reduced rate, IMF
is heuristic. As reported in [6], IMF has consistency
problems for extremely large process noise levels, while
for most tracking scenarios it is consistent and has good
tracking accuracy.

In the real world, synchronization cannot be achieved
and local trackers usually work asynchronously, with lo-
cal measurements obtained and local tracks updated at
different time instants. In addition, communication be-
tween local trackers and the fusion center (FC) are sub-
ject to possible delays, thus the fusion of delayed tracks
should also be addressed. For distributed tracking sys-
tems with communication delays, the most practical
information configuration is the track-to-track fusion
with partial information feedback, where, after each fu-
sion, only one local track assumed collocated with the
FC is updated with the fused track (partial information
feedback), while other local trackers operate by them-
selves without information feedback from the FC.

Early attempts to address the asynchronoous T2TF
(AT2TF) problem include [5], where the problem is
converted and solved as the fusion of out-of-sequence
measurements (OOSM). However, the algorithm only



reconstructs and fuses the information of the latest lo-
cal measurements. A pseudo measurement approach
of fusing asynchronous tracks can be found in [10]. In
[11], three approximate algorithms for AT2TF are pro-
posed. Later in the present paper, the algorithm form
[11] with the best performance is evaluated by simula-
tions, which show that this algorithm has consistency
problems. This is because the crosscorrelation between
the central and local tracks is not adequately accounted.

In this paper we generalize the optimal (under linear
Gaussian — LG — assumption) synchronous T2TF al-
gorithm from [13] for the AT2TF problem, where the
information configuration of memoryless fusion with
partial information feedback (believed to be the most
practical one) is used. For the fusion, this algorithm
accounts exactly the crosscovariances between the lo-
cal tracks. It handles both the asynchronous sampling
times of the local trackers and the fusion of delayed
tracks, and guarantees the consistency of the fused es-
timates. The more complicated version of AT2TF with
memory is not considered here, due to the limited gain
in tracking accuracy, especially when significant geo-
metric diversity exists among the local tracks'.

The Information Matrix Fusion (IMF) [12, 6] for syn-
chronous T2TF is theoretically optimal for fusion only
at full rate. In this paper, we extend IMF further for the
fusion of asynchronous tracks with time delays. This
fusion algorithm is used with the information struc-
ture of partial information feedback? and designated
as AT2TFpfIMF. It turns out that AT2TFpfIMF, even
though heuristic, is remarkably robust. It shows good
consistency over the practical range of process noise
levels and has tracking accuracy practically as good as
AT2TFpfwoMopt. Furthermore, due to the simplicity
of its implementation compared to AT2TFpfwoMopt,
AT2TFpfIMF is an appealing candidate for practical
applications.

The paper is organized as follows. Section 2 formu-
lates the AT2TF problem. Section 3 presents the al-
gorithm AT2TFpfwoMopt. Section 4 generalizes the
IMF for AT2TF with delayed tracks, which leads to
the algorithm AT2TFpfIMF. Section 5 compares the
two algorithms and the approximate algorithm in [11]
by sublimations. Conclusions are presented in section
6. For the convenience of readers, Table 1 lists the
acronyms used in this paper.

2 Problem
AT2TFpf

For the sake of simplicity, consider the basic scenario
of the fusion of two tracks of a target from two local

Formulation —

n such cases, track estimates from the local trackers provide
complementary perspectives of the target state.

2When communication delays exist, T2TF with full informa-
tion feedback is too complicated to implement even with the
heuristic IMF.

Table 1: List of Acronyms

T2TF Track-to-Track Fusion

AT2TF Asnychronous  Track-to-Track
Fusion

AT2TFpf AT2TF with partial information
feedback

AT2TFpfwoM AT2TFpf with no Memory

AT2TFpfwoMopt | The Optimal Algorithm for
AT2TFpfwoM

IMF Information Matrix Fusion

AT2TFpfIMF The generalized IMF algorithm
for AT2TFpf

AT2TFpfAppr The Approximate algorithm for
AT2TFpf in [11]

trackers®. The trackers operate asynchronously at sam-
pling intervals T; and T,. Tracker 1 is collocated with
the FC, whose track is available for fusion with no time
delay. Tracker 2 is a remote tracker which sends its
track (22(tc|te), Pa(te|te)) to the FC once in a while,
where communication time ¢. is the time stamp of the
local track. The track arrives at the FC with a time
delay tp which may change from time to time. When
track 2 is received, the FC fuses track 1 with the de-
layed track 2 at fusion time ¢; (with ty > t. + tp),
which can be written as

[Ze(trlty), Pe(tslty)] =
Elaitsltr), Prtrlty), Ta(telte), Pa(telte),.. ] (1)

where (Z.(tf|ts), Pe(tf|ty)) is the fused track. Depend-
ing on the fusion algorithm to be used, additional infor-
mation will be required, which is indicated by the “...”
in (1). In view of the partial information feedback?,
after the fusion, track 1 continues with the fused track
(Z.(k|k), P.(k|k)) which has improved accuracy, while
local tracker 2 operates by itself unaffected by the fu-
sion.

3 The Optimal Algorithm for
AT2TFpf with no Memory —
AT2TFpfwoMopt

The objective of the AT2TF is to fused track 1, given
by #1(tslts), Pi(tlty), with the predicted track 2,
given by &a(ts|te), Pa(tslt.). Compared to the syn-
chronous T2TF, there are two additional issues to be
handled. The first one is that the sampling rates used

3The problem of track-to-track association is not considered.
4T2TF with full information feedback (T2TFwoMfF), is sub-
stantially more complicated than T2TFwoMpf due to the trans-
mission delays between the local tracker and the fusion center.
In view of the results presented later, it is deemed not practical.




by the two trackers are different. This causes difficul-
ties for the calculation of the crosscovariances between
tracks. The solution to this problem is to use the union
of the sampling times, where a zero filter gain is used
for the track when no update is done for it. Then the
crosscovariance between tracks can be calculated simi-
larly to the synchronized case as shown later in (2).
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Figure 1: The union of the sampling times

Fig. 1 illustrates the idea of the union of the sampling
times. Fig. 1(a) shows the time axis of tracker 1, on
which the black circles indicate when tracker 1 received
measurements and did actual track updates®. Fig 1(b)
shows the same for track 2. Fig. 1(c) shows the union of
the sampling times at the two trackers on the same time
axis. Then tracks 1 and 2 are reinterpreted according to
the union of the sampling times in Fig. 1(d)-(e), where
the black circles represent actual track updates and the
white circles represent virtual track updates, i.e., with
zero filter gains.

To differentiate the original tracks and the reinter-
preted tracks according to the union of the sampling
times, the latter ones are denoted as, Z;+ with a “*”
superscript for the track index. After this, the exact
crosscovariance between the two tracks at the any time
t, > t; is calculated as follows

P1*2*(ta|ta) =

’

Wi (ta, 1) Pre2- (ti[t) W3- (ta, 1)

f
+ > W (tas tic1)Q(ti, tio)) Wik (ta, ti1) (2)
i=l+1

where t; is the most recent time at which the crossco-
variance is available (designated as “prior time”); the
summation in (2) is over the set {¢, ..., t,}, which is the
union of the sampling times in the time interval [¢; ,¢,];
and

Wse* (ta, tl) =

51t is assumed that the local trackers have no delay between
when a measurement is taken and the track update. Delay is
assumed in the communication between tracker 2 and the FC.
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[I - Ks* (ti)Hs* (ti)] (4)

where K¢ (t;), 1 = 1+ 1,..., f are the local Kalman
filter gains, which are zero for the virtual updates;
H«(t;) are the observation matrices at local tracker
s and F'(t;,t;—1) are the state transition matrices from
ti—1 to t;. Note that the calculation of the exact cross-
covariance between two tracks requires the local filter
gains and observation matrices at every sampling time,
which puts a high requirement on communication ca-
pacity. An approximate approach to save communica-
tion cost can be found in [13].

Note that, for the synchronous T2TF, the system can
use either the Discretized Continuous-time Kinematic
Model or the Direct Discrete-Time Kinematic Model
(see [1] Secs. 6.2 and 6.3). However, for AT2TF, the
use of the union the sampling times requires to break
the local process noises down to finer pieces. To make
the tracks consistent before and after the reinterpreta-
tion, only the Discretized Continuous-Time Kinematic
Model should be used.

The second issue is that the fusion of local estimates
with time delays makes it more difficult to calculate the
crosscovariance between the local tracks. A scheme is
designed for the crosscovariance calculation and the fu-
sion, which is illustrated in Fig. 2. Starting from the
first fusion, as shown in Fig. 2(a), ¢; denotes the prior
time when covariances and crosscovariances between
the two tracks, i.e., Pi(ti|t;), Pa(ti|t;) and Pia(ti|t:),
are available at the FC. Communication time t. is the
time when track 2, namely, (Z2(tc|te), Pa(tc|te)), is sent
to the FC. Due to the time delay in data transmission,
at fusion time ty, track (21(tf|ty), Pi(tf|ty)) will be
fused with the predicted track (Z2(tf|te), Pa(tsltc)).

The first fusion is done as follows

e Reinterpret both track 1 and the prediction of the
delayed track 2 using the union of the sampling
times.

e Propagate the prior information from time ¢; to t.

Pr(telte) =
Py (telte), if an actual track 1 update
happened on t. (5)
F(te,ter)Pr(telter) F(te,ter) + Q(te, ter),
otherwise

where t.q is the latest time before t. when track 1
was updated and Q(t.,t.1) is the cumulative effect
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Pyso«(tc|t.) can be calculated using (2) from ¢; to ()

o Z1-(tf|ty) and Pi«(ts|ty) are available at the FC.

o With #o(t.|t.) and Py(t.|t.) sent to the FC, using
prediction it follows that

e Note that, at this point the covariances and
crosscovariances between the two tracks, namely,
Py (telte), Pax(te|te) and Pyeox (tc|tc), are available
at t., which makes t. the new prior time t; for the
next fusion.

To(tplte) = Zox(tylty) = F(ty,te)@2(te]te)(8)
Py(tylte) = Por(tylty)
= F(tp, te)Pa(telte) Fty,te) + Q(ts,te)  (9)

where F(ts,t.) is the state transition matrix from
time t. to t; and Q(ty,t.) is the cumulative effect
of the process noises in [t.,tf].

e With (5)—(7), the crosscovariance
Pio(tyltystrlte) = Preas(tglty) is calculated
according to the union of the sampling times using
(2) from t. to ty.

e With the information above, the optimal AT2TF
is done using the LMMSE fuser [1]

=1+ (tplty) + Kieo- (Uf)[Tox (trlty) — T1-(tslts)]

= (I — Kueo(tp))T1-(tplty) + Kiea- (t) o (trlty)  (10)

Pe(telty) = Pi=(trlty) — [Pr=(tplty) — Prea=(tslts)]
[Pre(tplty) + Pos (tfltg) — Preg=(tflty) — Pregs(tglts)'] ™"
[Pre(tylty) — Prea=(tslty)'] (11)

The second fusion, as illustrated in Fig. 2(b), is
slightly different from the first fusion in propagating
the crosscovariance between track 1 and the delayed
track from the prior time ¢; to the new communica-
tion time t.. Note that, in Fig. 2, it is assumed that
the second communication happens after the previous
fusion. For scenarios where this assumption does not
hold, the scheme can be easily modified to accommo-
date the change. The key of the fusion scheme is to
propagate the prior information (including covariances
and crosscovariances between the tracks) to the latest
t. so that all the local filter gains and fusion gains be-
fore t. can be discarded. After reinterpreting track 1
and the delayed track 2 using the union of the sampling
times as in the first step of the first fusion, the crossco-
variance between tracks 1 and 2 should be propagated
from ¢; (which is also the previous communication time)
to the current time t.. Now (2) can not be used directly,
since, after the first fusion, track 1 continues with the
fused track (partial information feedback), which con-
tains two parts: one from the old track 1 (indicated by

Ze(tylty) = @1 (tyl|ty) + [Pr=(t|ty) — Pieo=(tf|ty)] index ol), the other from the predicted track 2 (indi-



cated by index 02). The crosscovariances Pj«o-(t.|t:)
for the second fusion is calculated as follows:

e Calculate the crosscovariances P,i-o+(ty,|tz,) and
Poro=(tg,|ts,) using (2), where ty is the previous
fusion time.

e From (10)

Preag-(ty,lty,) =
+K1-2+ (L, ) Poze2x (g, |ts,)

(I — Kqxo= (tfp))Pol*2* (tfp |tfp)
(12)

e Propagate the crosscovariance Py«o«(ty, |ty,) from
ty, to t. using (2). Now, with the new Py«p-(t.|tc)
calculated, t. becomes the new prior time for the
next fusion and the old prior information can be
discarded.

At this point, the rest of the fusion can be done exactly
the same as in the first fusion. The third fusion and the
ones afterwards follow the same steps as in the second
fusion.

4 Generalized Information Ma-
trix Fusion for Asynchronous
T2TF with Partial Informa-
tion Feedback — AT2TFpfIMF

The synchronized version of Information Matrix Fu-
sion (IMF) has been presented in [8]. Operating at
full rate, IMF is optimal (equivalent to CMF). At re-
duced rate, the algorithm is heuristic, but it works re-
markably well over the practical range of process noise
levels®. In this section, we generalize the IMF for asyn-
chronous T2TF and evaluate its performance. Con-
sider the fusion of track 1 at the FC and a delayed
local track from tracker 2. At the fusion time ¢, one
has (&1(ts|ty), Pi(tslty)) from track 1 and the delayed
track (Z2(tc|te), Pa(tc|te)) from track 2, where ¢, < ty.
For the information matrix fusion, the fuser also needs
the local track from the previous communication time
tc,, which is denoted as (:?:g(tcp|tcp), Py (tcp\tcp)) . The
asynchronous IMF is given as follows:

For the fused covariance, one has

Pu(tslty)™" = Pultslty)™"
+ (Poltylte) ™" — Pa(tslte,) ") (13)
where
Pa(tylte) = Fl(ts to)Paltylte)F(ty,te)

+Q(tf7 tc)

is the predicted covariance of track 2 from ¢, to ¢f; and

Pg(tf|tcp)

(14)

/

= F(tf,tcp)Pg(tf|lfcp)F(tf,Ifcp)
+Q(tf’tcp)

SDivergence was observed only for extremely large process
noise levels. [7]

(15)

is the predicted covariance of track 2 from t., to t;.
Note that (Pz(ts|te) ™" — Pa(ts|te,) ") in (13) is the net
information gain from track 2, which is mainly due to
the measurement updates by local tracker 2 from ., to
t., and can be viewed as independent across the local
trackers.

For the fused track estimates, one has

Pe(telty) " ‘ae(telty) = Piltslty)™ &1(tylty)
+(Patylte) ' Ea(tslte) — Paltslte,) &a(tslte,)) (16)
where
To(trlte) = Fl(tg,te)da(telte) (17)
5%2(tf'|tcp) = (tfa cp)iQ( cp|tcp) (18)

are the predicted track 2 estimates from . and ., to
the fusion time t;.

After the fusion, only track 1 is updated by the fused
track in view of the partial information feedback. Thus

2y(trlty) = 2c(trlty) (19)
Pr(tylty) = Pe(tslty) (20)

Note that this information matrix update does not need
the crosscovariances among local tracks, which makes
it very simple to implement and directly usable for sce-
narios with more than two local trackers.

5 Simulation Results

To compare the performance of the previously dis-
cussed algorithms for AT2TF using delayed tracks with
partial information feedback (from Secs. 2 and 3) and
the algorithm AT2TFpfAppr [11], a 2-D tracking sce-
nario is used with two local trackers 1 and 2 track-
ing one target. The target motion follows a CWNA
model in [1] with process noise power spectral den51ty
(PSD) 4.7 The target state is defined as 2 = [€£¢ (],
i.e., position and velocity in 2-D Cartesian coordinates,
with initial value set, without loss of generality, as
[2000 m, —2 m/s, 5000 m, —5 m/s]. Tracker 1 is collo-
cated with the FC at the origin (0,0), while Tracker 2
is located at (Xo,Ys). Tracker ¢ (i = 1, 2) takes posi-
tion measurements of the target in its polar coordinate
every T; with zero mean white noise errors. The range
standard deviation is o] and the azimuth standard de-
viation is o, which are set as 10 m and 1°, respectively,
for both trackers. The local tracks are generated using
the Converted Measurement Kalman Filter [1]. Tracker
2 sends its track at prespecified time instants to the FC
with a communication delay of Tp. In the following
scenarios, all the simulation results are obtained from
100 Monte Carlo runs

7As explained in Sec. 3, only the discretized continuous-
time kinematic models, e.g.,, CWNA model, can be used for
AT2TFpfwoMopt.



AT2TFpfIMF (Asynchronous Track-to-Track
Fusion with Partial Information Feedback using
IMF) vs. AT2TFpfwoMopt (The Optimal Asyn-
chronous Track-to-Track Fusion without Mem-
ory with Partial Information Feedback)

Scenario 1: Fusion of two tracks with low process
noise and significant geometric diversity:
Tracker 2 location: [5000,0] m
Sampling intervals: 77 =2, T5 =255
Process noise PSD: § = 107! m?/s?
Fusion times: [11 : 8 : 150] s (start from 11 s, every
8s.)
Communication delay: Tp = 7 s (For the fusion, local
track 2 is about 7 s behind the fusion time.)
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Figure 4: RMS position errors: Scenario 1

(AT2TFpfwoMopt and AT2TFpfIMF are indistinguish-

able)

Figs. 3—4 compare the performance of AT2TFpfIMF

and AT2TFpfwoMopt against the single sensor 1 with-
out fusion and the ideal centralized measurement fu-
sion (CMF) without time delay. It can be seen that
AT2TFpfIMF has no consistency problem despite be-
ing heuristic. Further simulations show that the con-
sistency holds for a wide range of process noise levels
and time delays of the local track. With significant ge-
ometric diversity, AT2TFpfIMF and AT2TFpfwoMopt
show the same level of fusion accuracy, which is signif-
icantly better than that of the single track 1 without
fusion. There is a performance gap between these and
the ideal CMF which is due to the time delay of track
2.

Scenario 2 Fusion of two tracks with low process noise
and little geometric diversity:

Tracker 2 location: [0,0] m

All other parameters are the same as in scenario 1.
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Figs. 5-6, show that with little or no geometric di-



versity between the two sensors, AT2TFpfIMF is still
consistent and its accuracy is actually better than that
of AT2TFpfwoMopt. This is because AT2TFpfIMF be-
longs to fusion configuration with memory, which uti-
lizes the track estimates from the previous fusion time.
Compared to AT2TFpfwoMopt with uses only the lat-
est track estimates (since it operates without memory
— woM), fusion with memory is more accurate (see [13]
for detailed discussions and the optimal algorithm for
fusion with memory).

AT2TFpfIMF (Asynchronous Track-to-Track
Fusion with Partial Information Feedback using
IMF) vs. AT2TFpfAppr (The Approximate Al-
gorithm for Asynchronous T2TF in [11])

Scenario 3: Fusion of two tracks with high process
noise intensity and significant geometric diversity:
Tracker 2 location: [5000,0] m
Smapling intervals: T} =2s, To =3 s
Process noise PSD: ¢ = 1 m?/s?

Fusion times: [5:4 :150] s (from 4 s, every 5 s.)
Communication delay: Tp = 2 s (For the fusion, local
track 2 is about 2 s behind the fusion time.)
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Figure 7: Consistency Test: Scenario 3

Figs. 7-8 compare the performance of AT2TFpfIMF
and AT2TFpfAppr against the single tracker 1 without
fusion in a scenario with significant geometric diversity
and high process noise PSD ¢ = 1 m?/s3. It can be
seen that AT2TFpfIMF is consistent and more accu-
rate than AT2TFpfAppr, while AT2TFpfAppr has a
moderate consistency problem when its NEES goes to
about 6.7 instead of 4.

Scenario 4: Fusion of two tracks with low process
noise intensity and significant geometric diversity:
Here the process noise PSD is § = 1072 m?/s3. The
rest is as in Scenario 3.

As shown in Fig. 9, the consistency of AT2TFpfAppr
becomes worse for a lower process noise PSD, where its
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Figure 10: RMS position errors: Scenario 4



NEES grows to 14. This is because that AT2TFpfAppr
does not properly account for the crosscorrelations be-
tween track 1 and the local track 2 due to the partial
information feedback, which plays a more significant
role when the process noise intensity is low. Reduc-
ing the fusion interval also has a similar effect on the
consistency of AT2TFpfAppr which degrades this per-
formance of the algorithm.

6 Conclusions

Three algorithms for the problem of asynchronous
track-to-track fusion with delayed tracks and partial
information feedback (AT2TFpf) were discussed. Two
of them, the optimal AT2TFpf without memory (de-
noted as AT2TFpfwoMopt) and the information matrix
fusion for AT2TFpf (AT2TFpfIMF), have been gener-
alized from their synchronous counterparts. The third
algorithm, denoted as AT2TFpfAppr, is an approxi-
mate algorithm proposed in [11], based on the algo-
rithm for the fusion of out-of-sequence measurement
(OOSM) from [4].

Simulation results show that the heuristic
AT2TFpfIMF is remarkably robust. It shows
good comnsistency over the practical range of system
process noises and has tracking accuracy as good as
AT2TFwoMpfopt when the geometric diversity of the
tracks is significant. For the fusion of tracks with
little geometric diversity, AT2TFpfIMF is somewhat
more accurate than AT2TFwoMpfopt, because it
is a fuser with memory. Unlike AT2TFpfIMF and
AT2TFwoMpfopt, AT2TFpfAppr is shown to have
consistency problems, because it does not properly
account for the crosscorrelations due to the information
feedback. This leads to degradation in tracking accu-
racy. In view of AT2TFpfIMF’s superior performance
and its simple implementation, it is an appealing
candidate for practical applications.
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